Let R be a regular local ring and A an algebra over R which is an Ä-progenerator. Defining the cohomological dimension of A as -R-dim A = \hdAe(A), one obtains the Hochschild cohomological dimension of A as an Ä-algebra. We show the following under the additional hypothesis that J?-dim A is finite: (1) Ä-dim A=n iff A\N is ^-separable and lhd/,(^/Ar)=n+gl dim R; (2) gldim^ = .R-dim /1 + gl dim R; (3) A is ^-separable iff gl dim /4e=gl dim R.
Whenever A is an /?-progenerator, R is an /^-direct summand of A and hence Result 1 applies in its entirety.
Result 2. Let (x) be an ideal of any ring R, x a central nonzero divisor. If M is an Z?/(;c)-module of finite homological dimension over R/(x), then hdR(M)=hdRnx)(M)+l. For the remainder of the paper, we shall assume that an Zv-algebra A is an R-progenerator. If/? is a local ring, that A is faithful is a consequence of its being finitely generated and projective.
Recall that a regular local ring R is a commutative noetherian ring with a unique maximal ideal with the additional property that R has finite global dimension. Since every regular local ring is an integral domain, every nonzero element of R is a nonzero divisor of A whenever A is Z?-projective.
Theorem A. Let R be a regular local ring, A an R-progenerator of finite cohomological dimension. R-dim A =n iff A/N is R-separable and hdA(A/N)=n+g\ dim R.
Proof. We proceed by induction on the gl dim R. If gl dim R = 0, the theorem reduces to Result 3. Suppose it is true for all r less than k. Let gl dim R-k. Then there is a principal minimal prime (x) such that gl dim/?/(*)=/c-l by [6, p. 73] . Now R-dim Al(x)=RI(x)-dimAl(x)= R-dim A=n iff AjN is /^-separable and hdA/lx)(AIN)=g\ dim R¡(x)+n by the inductive hypothesis. Then, by Result 2, this is true iff AjN is .inseparable and hd 1(yl/A')=«-r-gl dim R.
Corollary.
If we further assume that either gl dim R or R-dim A is positive, jR-dim A=n iff AjN is R-separable andhdA(N)=g\ dim /?+«-1. (One should note that this result is already known for semiprimary algebras over a field and for polynomial algebras.)
Proof. Recall that R-dim A=gl dim A/mA since R is local by Results 3 and 4. We again prove the result by induction on gl dim R. Let (x) be a principal minimal prime such that gl dim 7\=gl dim R/(x)+l. Taking suprema over all ^4/(x)-modules in Result 2 together with Proposition 1,
Hence it follows that (gl dim Aj(x)+l=) gl dim A =R-dim A+gl dim R.
Corollary B.l. Under the same hypotheses, we have that gl dim A = hdA(A/N).
Recall that a ring is said to be hereditary if every ideal is projective, but the ring is not semisimple (i.e., the global dimension is one). We can describe a larger class of rings R and algebras A for which Theorems B and C hold in the following way. We shall say that an Ralgebra A is cohomologically isodimensional if /?m-dim A m=R-dim A for every maximal ideal m of R. We shall call a commutative ring R globally isodimensional provided gl dim Rm=g\ dim R for every maximal ideal m oîR.
Theorem D. Let R be any commutative noetherian ring of finite global dimension. Let A be an R-progenerator which is an R-algebra of finite cohomological dimension. Assume also that either (a) R is globally isodimensional or (b) A is cohomologically isodimensional. Then the following hold:
(1) gl dim A =R-dim A+g\ dim R.
(2) gl dim Ae=2 R-dim A+g\ dim R. Proof.
We shall indicate only the proofs of (1) and (4) in the case where R is globally isodimensional, as the rest follow in a similar way. Recall that for any finitely generated algebra A over a noetherian ring R, We note that the hypothesis of local or semilocal is necessary for Theorems A and D(4) as the 2x2 upper triangular matrix algebra over the rational integers shows. Although the integers are hereditary, the radical of the algebra is easily seen to be projective as a module over the algebra. On the other hand, the rational integers are globally isodimensional; so the algebra has global dimension 2.
In fact, it can be shown that Theorem E. If R is a dedekind domain with infinitely many primes and A is an R-algebra such that AjN is separable and A is an R-progenerator of finite cohomological dimension and if either R is globally isodimensional or A is cohomologically isodimensional, then i?-dim A=hdA(AjN).
Proof.
Since N is nilpotent, one can readily verify that AjN is torsionfree and hence projective. Moreover, the separability of AjN guarantees that (N+mA)/mA is the Jacobson radical of A/mA. By 
